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ABSTRACT
The dimensional reduction of a generic theory on a curved internal space such as a
sphere does not admit a consistent truncation to a finite set of fields that includes the
Yang-Mills gauge bosons of the isometry group. In rare cases, for example the S7 reduction
of eleven-dimensional supergravity, such a consistent “Pauli reduction” does exist. In this
paper we study this existence question in two examples of S2 reductions of supergravities.
We do this by making use of a relation between certain S2 reductions and group manifold
S3 = SU(2) reductions of a theory in one dimension higher. By this means we establish the
non-existence of a consistent S2 Pauli reduction of five-dimensional minimal supergravity.
We also show that a previously-discovered consistent Pauli reduction of six-dimensional
Salam-Sezgin supergravity can be elegantly understood via a group-manifold reduction from
seven dimensions.
Emails: sazizi@physics.tamu.edu pope@physics.tamu.edu
1 Introduction
The idea of using a dimensional reduction on a curved space such as a sphere in order to
obtain a lower-dimensional theory with non-abelian gauge symmetries has a long history,
which seems to have originated with an unpublished communication by Pauli, in 1952 [1,2].
His idea was that by dimensionally reducing six-dimensional Einstein gravity on the 2-
sphere, one might obtain a four-dimensional theory describing gravity coupled to gauge
fields that we would now call SO(3) Yang-Mills. Pauli realised, however, that there were
difficulties with this idea, which we can recognise as being inconsistencies in the higher-
dimensional components of the Einstein equations. This is in fact a classic example of an
inconsistent truncation in Kaluza-Klein.
One can always, of course, make a consistent Kaluza-Klein “reduction” in which one
simply expands all the higher-dimensional fields in terms of the complete set of harmonics
(spherical harmonics, in the case of S2), and retains the entire infinite towers of lower-
dimensional massless and massive fields. The consistency issue arises if one wants to set
all except a subset of the lower-dimensional fields to zero. For this to be a consistent
truncation, it is necessary that the full set of equations of motion for the infinite towers
of fields should be compatible with setting to zero the fields one wishes to truncate. The
danger is that, because of the non-linear nature of the theory, the fields one is retaining
might act as sources for the fields one wishes to set to zero. This is exactly what happens in
the case Pauli considered; the Yang-Mills fields one wishes to retain actually act as sources
for a set of massive spin-2 fields that one wishes to set to zero. From the higher-dimensional
point of view, this reflects itself as an inconsistency between the truncation ansatz and the
higher-dimensional components of the Einstein equations.
The inconsistency of the truncation to a finite number of lower-dimensional fields that
include gravity and the Yang-Mills fields of the isometry group of the compactifying man-
ifold is not restricted to the case where one starts from pure higher-dimensional gravity.
It is in fact what happens generically when compactifying any higher-dimensional theory
that includes gravity. There are, however, some notable exceptions, of which the most cel-
ebrated is the reduction of eleven-dimensional supergravity on the 7-sphere. In this case,
the inconsistencies that would arise if eleven-dimensional pure gravity alone were reduced
on S7 are removed, because of further contributions in the higher-dimensional equations of
motion coming from the 3-form potential. The consistency of this remarkable reduction was
demonstrated in [3]. The exceptional situations where a consistent reduction on a curved
internal manifoldM , retaining a finite number of fields including gravity and the Yang-Mills
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gauge fields of the isometry group of M , have been called consistent Pauli reductions [4].
Other examples include the consistent Pauli reduction of eleven-dimensional supergravity
on S4 [5–7], the consistent Pauli reduction of type IIB supergravity on S5 [8], and the con-
sistent Pauli reduction of the D-dimensional bosonic string on any group manifold G [9].
In this latter case, we emphasise that the Pauli reduction on the group manifold G yields
the Yang-Mills gauge bosons of the full isometry group G×G.
Establishing the consistency of the Pauli reductions in all the above examples is highly
non-trivial. There is no simple group-theoretic argument for why the truncation to the
finite subset of lower-dimensional fields should be consistent. This is in contrast to the very
well understood class of “group-manifold reductions” on G, in which the infinite towers of
lower-dimensional fields are truncated to just those that are singlets under the right action
GR (or, equivalently instead, the left action GL) of G. These reductions were first described
by DeWitt [10], and have been named DeWitt reductions in [4]. The consistency of the
truncation follows trivially from the fact that the retained fields, which are singlets under
GR, clearly cannot act as sources for the non-singlet fields that have all been set to zero.
In this paper, we shall investigate the consistent Pauli reduction on the 2-sphere of
certain five-dimensional and six-dimensional supergravity theories. A common theme in
both of these examples will be our employment of the observation made in [4] that in
certain cases one can construct an S2 Pauli reduction of a particular D-dimensional theory
if that theory can itself be obtained from a circle reduction of a (D+1)-dimensional theory.
If one starts by constructing the DeWitt SU(2) reduction of the (D+1)-dimensional theory,
and makes a circle reduction on the Hopf fibres of SU(2) viewed as a U(1) bundle over S2,
then one obtains a (necessarily consistent) S2 Pauli reduction of the D-dimensional theory.
In the two examples that we shall be considering in this paper, a further complication
arises because the D-dimensional theories of interest to us are in fact themselves consistent
truncations of the circle reductions of the parent (D + 1)-dimensional theories. That is to
say, the truncation of fields can be performed in a D-dimensionally covariant way, but not
in a (D + 1)-dimensionally covariant way. This imposes a non-trivial further condition if
one wishes to construct the S2 Pauli reduction in the way we have described, since the
additional field truncation in D dimensions may not be compatible with the Hopf bundle
structure. In fact in one of our two examples the Hopf construction will fail for this reason,
while in the other example it succeeds.
Our first example is motivated by the well-known observation that the minimal five-
3
dimensional supergravity, whose bosonic Lagrangian is
L5 = R∗1l− 12∗F(2) ∧ F(2) − 13√3 F(2) ∧ F(2) ∧A(1) , (1.1)
where F(2) = dA(1), is very closely parallel to eleven-dimensional supergravity, whose bosonic
Lagrangian is
L11 = R∗1l− 12∗F(4) ∧ F(4) − 16 F(4) ∧ F(4) ∧A(3) , (1.2)
where F(4) = dA(3). One is then tempted to conjecture that what works for S
4 or S7
reductions of eleven-dimensional supergravity would work also for S2 or S3 reductions of
the minimal five-dimensional supergravity. In particular, one might expect that a consistent
S2 Pauli reduction of the minimal five-dimensional theory should be possible.
We shall study this question by making use of the construction developed in [4], which
we described above. Thus we shall take as our starting point the minimal supergravity of
six dimensions, whose bosonic sector comprises gravity and a self-dual 3-form. The circle
reduction of this theory gives minimal five-dimensional supergravity coupled to a single
vector multiplet. Thus we are able to construct a consistent S2 Pauli reduction of this
five-dimensional theory. Now the minimal five-dimensional supergravity itself arises as a
consistent truncation of this theory, in which the vector multiplet is set to zero. However, as
we indicated above, it is not guaranteed that imposing this truncation of the five-dimensional
theory is itself compatible with the previously-established consistent S2 Pauli reduction,
and in fact we are able to show that the two conditions are inconsistent in this example.
Although this does not constitute a complete proof that there exists no possible S2 Pauli
reduction of the five-dimensional minimal supergravity , the fact that this natural way to
try to construct such a reduction fails is strongly suggestive. In fact other, direct, attempts
to construct a consistent S2 Pauli reduction of the five-dimensional minimal supergravity
have also been unsuccessful.
Our second example is provided by the six-dimensional gauged supergravity of Salam and
Sezgin [11]. This has the intriguing feature that it admits a supersymmetric S2×(Minkowski)4
vacuum. Furthermore, it was shown in [12] that there is in fact a consistent S2 Pauli reduc-
tion of the Salam-Sezgin model, which yields a four-dimensional supergravity with SU(2)
Yang-Mills fields originating from the isometry group of the 2-sphere, and whose Minkowski
vacuum corresponds to the six-dimensional S2×(Minkowski)4 vacuum found in [11]. Al-
though it is a much simpler example than the S7 or S4 reductions of D = 11 supergravity,
the underlying reasons for the consistency of this S2 Pauli reduction are at present equally
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mysterious.
In this paper, we examine whether it is possible to reconstruct the S2 Pauli reduction
by exploiting the fact that the Salam-Sezgin supergravity can itself be obtained from a
circle reduction of a seven-dimensional supergravity. Such an embedding of the Salam-
Sezgin theory was obtained in [13], with the seven-dimensional theory being a non-compact
gauged SO(2, 2) supergravity. A further field truncation is then required in six dimensions.
However, for our present purposes this embedding is not useful, because, crucially, the
Kaluza-Klein vector of the circle reduction from seven to six dimensions is in fact set to
zero. This means the seven-dimensional lift of the S2 Pauli reduction would merely give an
S1 × S2 reduction, with the consistency of the S2 reduction remaining unexplained. Upon
further investigation we find that, at least at the bosonic level, there is in fact a different way
to embed the Salam-Sezgin theory into the seven-dimensional SO(2, 2) gauged supergravity,
in which the Kaluza-Klein vector plays an active role. In this new embedding it supplies
the necessary twist of the S1 fibres so that the lift of the S2 Pauli reduction now becomes
an SU(2) DeWitt reduction from seven dimensions. Furthermore, we find that in this
case the necessary additional truncation of fields in six dimensions is compatible with the
structure of the Hopf fibration, and so we are able to reconstruct the S2 Pauli reduction
that was obtained in [12] as a DeWitt reduction from seven dimensions, and thus now with
an understanding of why it works.
2 S1 Reduction of Minimal D = 6 Supergravity
Our starting point is the bosonic sector of minimal six-dimensional supergravity, for which
the equations of motion are
RˆMN =
1
8
HˆM
PQHˆNPQ, dHˆ(3) = 0, ∗ˆHˆ(3) = Hˆ(3) . (2.1)
Note that since Hˆ(3) = dBˆ(2) is self dual, one cannot write a six-dimensionally covariant La-
grangian for the theory. We then perform a Kaluza-Klein S1 reduction, using the standard
ansatz
dsˆ26 = e
2α¯φ ds¯25 + g
−2 e2β¯φ (dτ + gA)2 , (2.2)
Bˆ(2) = B(2) + g
−1 B(1) ∧ dτ ,
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where we choose α¯2 = 1/24 and β¯ = −3α¯ in order to get the five-dimensional theory
in the Einstein frame, and with the canonical normalisation for the dilaton field φ. The
constant g that we have introduced here has the dimensions of (length)−1, and serves the
purpose of scaling the dimensionless coordinate τ that parameterises the circle of the 6th
dimension, so as to give a coordinate z = g−1 τ with the dimensions of length. Note that
we are using hats to denote fields in the original six-dimensional theory. We place bars
on five-dimensional quantities in cases where it is appropriate to distinguish them from
six-dimensional quantities.
The ansatz for Bˆ(2) implies that we shall have
Hˆ(3) = H(3) + g
−1H(2) ∧ (dτ + gA) , (2.3)
where
H(3) = dB(2) − dB(1) ∧A , H(2) = dB(1) . (2.4)
Since the 6-dual of Hˆ(3) is given by
∗ˆHˆ(3) = −g−1 e−4α¯φ ∗¯H(3) ∧ (dτ + gA) + e4α¯φ ∗¯H(2) , (2.5)
the six-dimensional self-duality condition ∗ˆHˆ(3) = Hˆ(3) implies the five-dimensional condition
H(3) = e
4α¯φ ∗¯H(2) , (2.6)
so the reduction (2.3) becomes
Hˆ(3) = e
4α¯φ ∗¯H(2) + g−1H(2) ∧ (dτ + gA). (2.7)
for the case of the self-dual Hˆ(3).
The five-dimensional equations of motion resulting from substituting the reduction
ansa¨tze into the six-dimensional equations (2.1) can be derived from the Lagrangian
L5 = R¯ ∗¯1l− 12 ∗¯dφ∧ dφ− 12e−8α¯φ ∗¯F(2) ∧F(2)− 12e4α¯φ ∗¯H(2)∧H(2)− 12H(2)∧H(2)∧A(1) . (2.8)
This Lagrangian describes the bosonic sector of five-dimensional minimal supergravity cou-
pled to one vector multiplet. The truncation to pure minimal supergravity is then achieved
by setting
φ = 0 , B(1) =
√
2A(1) , (2.9)
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which can easily be seen to be consistent with the equations of motion. If we define A˜(1) =√
3A(1) so that the remaining gauge field has a canonical normalisation, the Lagrangian
(2.8) reduces to that for the bosonic sector of pure minimal supergravity:
L5 = R¯ ∗¯1l− 12 ∗¯F˜(2) ∧ F˜(2) − 13√3 F˜(2) ∧ F˜(2) ∧ A˜(1) . (2.10)
3 SU(2) DeWitt Reduction from D = 6 to D = 3
3.1 Description as an SU(2) group manifold reduction
The SU(2) group manifold DeWitt reduction of minimal six-dimensional supergravity was
constructed in [14]. The reduction ansatz for the metric and the self-dual 3-form are given
by
dsˆ26 = e
2αϕds23 + g
−2 e2βϕ T˜ij ν
i νj , (3.1)
Hˆ(3) = mg
−3Ω(3) +me
4αϕ ǫ(3) +
1
2
g−2 εijk B
i ∧ νj ∧ νk − g−1e 4αϕ3 T˜ij ∗Bi ∧ νj , (3.2)
where the constants α and β are taken to be given by α2 = 3/8 and β = −α/3 in order to
obtain the three-dimensional theory in Einstein frame with the canonical normalisation for
the dilaton ϕ. The unimodular matrix T˜ij parameterises the remaining scalar fields of the
three-dimensional theory, and the 1-forms
νi = σi − gAi , (3.3)
are written in terms of the left-invariant 1-forms σi of SU(2) and the SU(2) Yang-Mills
potentials Ai, and
Ω(3) ≡ ν1 ∧ ν2 ∧ ν3 , (3.4)
ǫ(3) is the volume form of the three-dimensional spacetime, and B
i denotes an SU(2) triplet
of 1-form fields.
The σi, which can be expressed in terms of Euler angles (ψ, θ, τ) as
σ1 = cosψ dθ+sinψ sin θ dτ , σ2 = − sinψ dθ+cosψ sin θ dτ , σ3 = dψ+cos θ dτ , (3.5)
obey the relations
dσi = −12εijk σj ∧ σk . (3.6)
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We also have
Dνi = −1
2
εijk ν
j ∧ νk − gF i , (3.7)
where
F i = dAi + 1
2
gεijk A
j ∧Ak , Dνi ≡ dνi + gεijk Aj ∧ νk . (3.8)
Note that the equation dHˆ(3) = 0 implies that
DBi −mF i + ge43αϕ T˜ij ∗Bj = 0 , (3.9)
where DBi = dBi + gεijk A
j ∧Bk.
The equations of motion for the three-dimensional theory, obtained by substituting (3.1)
and (3.2) into (2.1), can be derived from a Lagrangian whose precise form can be found
in [14].
3.2 SU(2) as a Hopf fibration
Following [4], we may now rewrite the SU(2) DeWitt reduction of subsection 3.1 in a form
where SU(2) is viewed as a U(1) Hopf fibration over S2. Thus we describe the unit S2 as the
surface µ21+µ
2
2+µ
2
3 = 1 in R
3, where the three Cartesian coordinates µi are parameterised
in terms of the θ and ψ Euler angles introduced in (3.5) by
µ1 = sinψ sin θ , µ2 = cosψ sin θ , µ3 = cos θ . (3.10)
The 1-forms νi defined in (3.3) can then be written as [4]
νi = σi − g Ai = −εijk µj Dµk + µi σ ,
σ ≡ dτ + cos θ dψ − g µiAi, (3.11)
where the covariant derivative is defined as Dµi ≡ dµi + g εijkAj µk .
The metric reduction ansatz (3.1) can now be seen to be given by [4]
dsˆ26 = e
2αϕ ds23 + g
−2 e2βϕ ∆˜−1 T˜−1ij Dµ
iDµj + g−2 e2βϕ ∆˜ (dτ + gA)2 , (3.12)
where
A = g−1 cos θ dψ − µiAi − g−1 ∆˜−1 T˜ij εikℓ µjµkDµℓ , ∆˜ = T˜ij µiµj . (3.13)
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After some algebra, we find we can write
νi = µi (dτ + gA)− ∆˜−1 T˜jk εijℓ µkDµℓ ,
1
2
εijk ν
j ∧ νk = (dτ + gA) ∧Dµi + ∆˜−1 T˜ij µj ω(2) ,
Ω(3) =
1
6
εijkν
i ∧ νj ∧ νk = (dτ + gA) ∧ ω(2) , (3.14)
where
ω(2) =
1
2
εijk µ
iDµj ∧ Dµk . (3.15)
It then follows that the reduction ansatz (3.2) for the self-dual 3-form is given by
Hˆ(3) = (dτ + gA) ∧
[
mg−3 ω(2) − g−2Bi ∧Dµi − g−1 e
4
3
αϕ T˜ij µ
i ∗Bj
]
(3.16)
+me4αϕ ǫ(3) + g
−2 ∆˜−1 T˜ij µ
iBj ∧ ω(2) + g−1e
4
3
αϕ ∆˜−1 εjkm µ
ℓ T˜ij T˜kℓ ∗Bi ∧Dµm .
With these preliminaries, we are now ready to re-interpret the DeWitt SU(2) group
manifold reduction of the minimal six-dimensional supergravity as a Pauli S2 reduction
from five dimensions. To do this, we compare the expressions (2.2) and (2.7) for the S1
reduction with the corresponding expressions (3.12) and (3.16) for the SU(2) reduction
expressed in the notation of the Hopf fibration. Thus from the comparison of the metrics
we find
ds¯25 = e
2αϕ−2α¯φ ds23 + g
−2 e−
2
3
αϕ−2α¯φ ∆˜−1 T˜−1ij Dµ
iDµj , (3.17)
e−6α¯φ = e−
2
3
αϕ ∆˜ , (3.18)
and from the comparison of the reduction ansa¨tze for the six-dimensional self-dual 3-form
Hˆ(3) we find
H(2) = mg
−2 ω(2) − g−1Bi ∧Dµi − e
4
3
αϕ T˜ij µ
i ∗Bj , (3.19)
e4α¯φ ∗¯H(2) = me4αϕ ǫ(3) + g−2 ∆˜−1 T˜ij µiBj ∧ ω(2) + g−1e
4
3
αϕ ∆˜−1 εjkm µ
ℓ T˜ij T˜kℓ ∗Bi ∧Dµm .
Following [4], we now define the three-dimensional scalar fields
Tij = Y
1
3 T˜ij , Y = e
4αϕ , (3.20)
in terms of which the Pauli reduction ansa¨tze for the five-dimensional metric ds¯25 and fields
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φ, A and H(2) = dB(1) become
ds¯25 = Y
1
3 ∆
1
3 ds23 + g
−2 Y
1
3 ∆−
2
3 T−1ij Dµ
iDµj ,
e6α¯φ = Y
1
2 ∆−1 ,
A = g−1 cos θdψ − µiAi − g−1∆−1 Tij εikℓ µjµkDµℓ ,
H(2) = mg
−2 ω(2) − g−1Bi ∧Dµi − Tij µi ∗Bj , (3.21)
where ∆ = Tij µ
iµj = Y
1
3 ∆˜.
Making use of the equation (3.9), we can see that H(2) = dB(1) given in (3.21) can be
written as
H(2) = mg
−2 ω(2) −mg−1 µiF i + g−1 d(µiBi) , (3.22)
and hence B(1) can be written explicitly as
B(1) = mg
−2 cos θ dψ −mg−1 µiAi + g−1 µiBi . (3.23)
4 Pauli reduction of 5D Minimal Supergravity?
In section 3.2 we constructed the consistent S2 Pauli reduction of the bosonic sector of the
five-dimensional supergravity that is obtained by means of the S1 Kaluza-Klein reduction
of minimal six-dimensional supergravity. As we showed in section 2, the five-dimensional
theory can be truncated to give the bosonic sector of pure minimal five-dimensional super-
gravity by imposing the conditions (2.9) on the five-dimensional fields. In this section, we
address the question of whether we can consistently impose this truncation on the three-
dimensional fields in the Pauli reduction in section 3.2, thereby obtaining a consistent S2
Pauli reduction of five-dimensional minimal supergravity.
From the Pauli reduction ansatz for φ given in (3.21), we see that setting φ = 0 requires
imposing
Y
1
2 = ∆ = Tij µ
iµj . (4.1)
Since Y and Tij are three-dimensional fields, which cannot depend on the S
2 coordinates
µi, it follows that we must have
Tij = fδij , (4.2)
where f is a function only of the three-dimensional fields. Taking the determinant of Tij ,
and noting from (3.20) that it must equal Y , we then conclude that f2 = f3 and hence
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f = 1, so Tij = δij . From the reduction ansa¨tze for A and B(1) given in (3.21) and (3.23),
we then conclude that making the truncation B(1) =
√
2A in (2.9) implies
m =
√
2 g , Bi = 0 . (4.3)
Finally, from (3.9) we see that Bi = 0 implies that F i = 0, and so Ai is pure gauge.
The conclusion from the above discussion is that one cannot truncate the consistent S2
Pauli reduction of the full five-dimensional theory to give a consistent Pauli reduction of
the five-dimensional minimal supergravity theory.
5 Salam-Sezgin Theory by S1 reduction from D = 7
First, we need to see how to obtain the D = 6 Salam-Sezgin theory from an S1 reduction
of a D = 7 theory. In [7], the details of the S3 reduction from D = 10, giving N = 4
supersymmetric gauged SO(4) sugra in D = 7 were given; it was obtained as a limit of
the gauged SO(5) supergravity that comes from S4 reduction from D = 11. The SO(4)→
SO(2, 2) replacement was then discussed in [13], where it was then shown how Salam-
Sezgin could be obtained via an S1 reduction of gauged SO(2, 2) N = 2 supergravity by
S1 reduction followed by a consistent truncation. Prior to the final consistent truncation in
D = 6, the bosonic Lagrangian is given by eqn (30) of [13]. We can straightforwardly make
a truncation of all SO(2, 2) fields to those that are singlets under the U(1)×U(1) maximal
subgroup. The truncated seven-dimensional bosonic Lagrangian from which the reduction
to six dimensions can be obtained is
L7 = Rˆ ∗ˆ1l− 516 Φˆ−2 ∗ˆdΦˆ ∧ dΦˆ − Φˆ−1/2 (∗Fˆ 12(2) ∧ Fˆ 12(2) + ∗Fˆ 34(2) ∧ Fˆ 34(2))− 12 Φˆ−1 ∗ˆHˆ(3) ∧ Hˆ(3)
−4g2 Φˆ12 ∗ˆ1l + L7,CS, (5.1)
where the SO(2, 2) gauge potentials Aˆαβ(1) have been truncated to just the abelian subsector
Aˆ12(1) and Aˆ
34
(1), and Hˆ(3) = dBˆ(2) + Fˆ
12
(2) ∧ Aˆ34(1) + Fˆ 34(2) ∧ Aˆ12(1). Performing a Kaluza-Klein circle
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reduction in the usual way, by means of the ansa¨tze1
dsˆ27 = e
2αϕ ds¯26 + e
−8αϕ (dz +A(1))2 ,
Bˆ(2) = B¯(2) + B¯(1) ∧ dz , Aˆαβ(1) = Aαβ(1) , Φˆ = Φ , (5.2)
where α = 1/(2
√
10), gives the six-dimensional Lagrangian2
L6 = R¯∗¯1l− 516Φ−2 ∗¯dΦ ∧ dΦ − 12 ∗¯dϕ ∧ dϕ− 12e−10αϕ ∗¯F (2) ∧ F(2) − 12Φ−1 e6αϕ ∗¯H¯(2) ∧ H¯(2)
−Φ−1/2 e−2αϕ (∗¯F 12(2) ∧ F 12(2) + ∗¯F 34(2) ∧ F 34(2))− 12Φ−1 e−4αϕ ∗¯H¯(3) ∧ H¯(3)
−4g2 Φ1/2 e2αϕ ∗¯1l + LCS , (5.3)
where
H¯(3) = dB¯(2) − dB¯(1) ∧ A(1) + F 12(2) ∧A34(1) + F 34(2) ∧A12(1) ,
H¯(2) = dB¯(1) , F(2) = dA(1) , (5.4)
and ∗¯ denotes the six-dimensional Hodge dual in the metric ds¯26. The term LCS is a Chern-
Simons term, whose variation is given, up to a certain overall normalisation constant c,
by
δLCS = c(F βγ(2) ∧ F γδ(2) ∧ F δα(2) − 14F γδ(2) ∧ F δγ(2) ∧ F βα(2) ) ∧ δAαβ(1) . (5.5)
An important point for the consistency of the truncation that gives the Salam-Sezgin theory
is that this Chern-Simons contribution vanishes if one sets A12(1) = ±A34(1).
Note that we have, for reasons of presentational simplicity, omitted the axions that
would come from the reduction of the seven-dimensional gauge fields Aˆ12(1) and Aˆ
34
(1). Setting
them to zero would not in general be a consistent truncation, but it is consistent to do so
in either of the two further truncations that we shall be considering below, namely either
setting A12(1) = −A34(1) with A(1) = B(1) = 0, or else setting A12(1) = A34(1) = 0 with A(1) = −B(1).
It is convenient to re-parameterise the scalars in terms of the two fields φ and ψ, where
Φ = e
2
5
ψ−4
5
φ , 20αϕ = −2ψ − φ . (5.6)
1We shall use a bar to denote six-dimensional quantities, such as the metric and B¯(2), where we may need
to distinguish them later from four-dimensional quantities, which will be unbarred. In cases where there is
no possibility of confusion with four-dimensional quantities, we shall omit the bar, as, for example, in the
six-dimensional gauge fields A12(1) and A
34
(1).
2There were some typographical errors in [7], which we have corrected here, relating to the coefficient of
the kinetic term for the scalar field Φ, and also the form of the Chern-Simons term, whose variation is given
by (5.5).
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In terms of these, the Lagrangian becomes
L6 = R¯∗¯1l− 14 ∗¯dφ ∧ dφ− 14 ∗¯dψ ∧ dψ − 12e
1
2
φ+ψ ∗¯F (2) ∧ F(2) − 12e
1
2
φ−ψ ∗¯H¯(2) ∧ H¯(2)
−e12φ (∗¯F 12(2) ∧ F 12(2) + ∗¯F 34(2) ∧ F 34(2))− 12eφ ∗¯H¯(3) ∧ H¯(3) − 4g2 e−
1
2
φ ∗¯1l + LCS . (5.7)
5.1 Truncations to Salam-Sezgin theory
It was shown in [13] that the Salam-Sezgin theory could be obtained by making a further,
consistent, truncation of the six-dimensional supergravity whose relevant bosonic sector is
described by (5.7). Namely, one now sets
A(1) = 0 , B¯(1) = 0 , A12(1) = −A34(1) ≡ 12A(1) , ψ = 0 , (5.8)
leading to the Salam-Sezgin bosonic Lagrangian
LSS = R¯ ∗¯1l− 14 ∗¯dφ ∧ dφ− 12e
1
2
φ ∗¯F(2) ∧ F(2) − 12eφ ∗¯H¯(3) ∧ H¯(3) − 4g2 e−
1
2
φ ∗¯1l . (5.9)
(Recall that, as already remarked, the setting to zero of the axions coming from the reduction
of the U(1)×U(1) Yang-Mills potentials is consistent, once the truncation (5.8) is performed.
Furthermore, the Chern-Simons contribution vanishes under this truncation.)
This construction, and its extension to include the fermionic sector also, was studied
in detail in [13]. It gives a consistent embedding of the Salam-Sezgin theory in a seven-
dimensional gauged supergravity, which in turn can be obtained as a consistent reduction of
ten-dimensional supergravity. However, it does not provide us with a way to understand the
occurrence of the consistent Pauli S2 reduction [12] of the Salam-Sezgin theory itself. The
understanding of a consistent Pauli S2 reduction from D dimensions by first considering
a (trivially) consistent DeWitt SU(2) group manifold reduction from (D + 1) dimensions
depended upon the S2 reduction becoming an SU(2) reduction when lifted to the higher
dimension. This depends upon the Kaluza-Klein vector of the (D + 1) → D reduction
providing the necessary non-trivial monopole background that twists the S1 into a Hopf
fibration over the S2, becoming the SU(2) group manifold. In the construction in [13],
however, the Kaluza-Klein vector is actually set to zero, as in (5.8), and so the lift to D = 7
of the consistent Pauli S2 reduction of the Salam-Sezgin theory that was found in [12] will
be an S1 × S2 reduction rather than an SU(2) group-manifold reduction.
If we are to find an explanation of the consistency of the S2 Pauli reduction of the
Salam-Sezgin theory in terms of a Hopf reduction of an SU(2) group manifold reduction
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from D = 7, we must find a different embedding of the Salam-Sezgin theory into D = 7,
in which the Kaluza-Klein vector plays the role of supplying the necessary monopole twist.
At least at the bosonic level, the existence of such an alternative reduction can be seen by
looking again at the six-dimensional Lagrangian (5.7). Now, we set
A(1) = −B¯(1) ≡ 1√
2
A(1) , A
12
(1) = A
34
(1) = 0 , ψ = 0 . (5.10)
It is straightforward to check that this is indeed a consistent truncation, and that it yields
the same Salam-Sezgin bosonic Lagrangian (5.9) that we saw previously. (Again, the setting
to zero of the axions coming from the reduction of the U(1)×U(1) gauge potentials is indeed
consistent, under this truncation, and the Chern-Simons term again gives zero contribution.)
6 DeWitt and Hopf Reduction from D = 7
Having seen that we can indeed obtain the bosonic Salam-Sezgin theory from seven di-
mensions in a circle reduction where the Kaluza-Klein vector is active, we now turn to the
question of whether we can use this to obtain the consistent Pauli S2 reduction of Salam-
Sezgin via a Hopf reduction of the seven-dimensional theory. The calculations here will
be closely analogous to those that we carried out in section 3. Accordingly, we begin by
considering the SU(2) group manifold DeWitt reduction from D = 7, with the standard
metric ansatz3
dsˆ27 = e
2α′ϕ′ds24 +
1
4
g−2 e−
4α′
3
ϕ′ Tij ν
i νj , (6.1)
where νi = σi − gAi, with σi being the left-invariant 1-forms of SU(2), as described in
section 3.1, and α′2 = 3
20
. The matrix of scalar fields Tij is unimodular.
Following the same strategy as we did in section 3, we now write this in terms of the
Hopf fibration, which here will take the form
dsˆ27 = e
2α′ϕ′ ds24 +
1
4
g−2 e−
4α′
3
ϕ′ ∆−1 T−1ij Dµ
iDµj + e−
4α′
3
ϕ′ ∆(dz +A(1))2 , (6.2)
where
A(1) = 12g−1 cos θ dψ − 12µiAi − 12g−1∆−1 Tij εikℓ µjµkDµℓ , ∆ = Tij µiµj . (6.3)
3Note that the vacuum solution S3×(Minkowski)4 of the theory described by (5.1) has dsˆ
2
7 = dx
µdxµ +
g−2 dΩ23 together with Hˆ(3) = ±2g Ω˜(3) and Φˆ = 1, where dΩ
2
3 is the metric on the unit S
3 and Ω˜(3) is its
volume form. (Note that Ω˜(3) =
1
8
Ω(3) in the vacuum, where Ω(3) was defined earlier in eqn (3.14).)
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Comparing (6.2) with the S1 reduction of the metric in (5.2), we see we must have
e−8αϕ = e−
4α′
3
ϕ′ ∆ , (6.4)
together with
ds¯26 = e
−2αϕ+2α′ϕ′ds24 +
1
4
g−2 e−2αϕ−
4α′
3
ϕ′ ∆−1 T−1ij Dµ
iDµj . (6.5)
A straightforward calculation from (6.3) shows that
F(2) = −12g−1 U∆−2 ω(2) + 12g−1∆−2εijkDµi ∧DTjℓ Tkm µℓµm − 12∆−1Tijµi F j , (6.6)
where U = 2Tik Tkj µ
iµj −∆Tii.
The general DeWitt reduction of the 3-form in seven dimensions is given by
Hˆ(3) = mg
−3 Ω(3) + g
−2 1
2
εijk B
i ∧ νj ∧ νk + g−1 Ci ∧ νi +H(3), (6.7)
where Ω(3) was defined in (3.4), B
i and Ci are SU(2) triplets of four-dimensional 1-form
and 2-form fields respectively, and H(3) is a four-dimensional 3-form. Using the relations
νi = 2gµi (dz +A(1))−∆−1 Tjk εijℓ µkDµℓ ,
1
2
εijk ν
j ∧ νk = 2g(dz +A(1)) ∧Dµi +∆−1 Tij µj ω(2) ,
Ω(3) =
1
6
εijkν
i ∧ νj ∧ νk = 2g(dz +A(1)) ∧ ω(2) , (6.8)
and comparing with the S1 reduction for Bˆ2 in (5.2), and the six-dimensional definitions
(5.4) (recall we are setting the seven-dimensional U(1) × U(1) gauge fields to zero in this
truncation), we find that
H¯(2) = 2mg
−2 ω(2) − 2g−1Bi ∧Dµi + 2µiCi,
H¯(3) = g
−2∆−1 Tij µ
j Bi ∧ ω(2) − g−1∆−1 Tjk εijℓ µk Ci ∧Dµℓ +H(3). (6.9)
With these reduction ansa¨tze for the metric and the 3-form, we are thus able to give
the complete DeWitt SU(2) reduction of the seven-dimensional theory described by the
Lagrangian (5.1) (with Aˆ12(1) = Aˆ
34
(1) = 0 and hence the Chern-Simons term making no
contribution either). The reduction is expressed in the form of the Hopf fibration, allowing
us to make contact with the S1 reduction we discussed earlier. Specifically, we now wish to
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impose the further truncation of the six-dimensional fields given in (5.10), which takes us
in six dimensions to the Salam-Sezgin theory.
As we saw in a similar discussion in section 3, it is not guaranteed that imposing this
truncation will be compatible with retaining the desired fields in the DeWitt-Hopf reduction.
The key question here is whether imposing the truncation F(2) = −H(2) is compatible with
the expressions in (6.6) and (6.9) for these fields. Equating the two expressions, we find
U = 4mg−1∆2 , Bi = −1
4
∆−2εijkDTjℓ Tkm µ
ℓµm , Ci = 1
4
∆−1Tij F
j . (6.10)
Following similar arguments to those we presented in section 3, we conclude here that
performing the truncation is consistent, provided we have
Tij = δij , m = −14g , Bi = 0 , Ci = 14F i . (6.11)
Going back to (6.4), we now find α′ϕ′ = 6αϕ, and hence from (5.6), with the truncation
ψ = 0 that we have made, we find the Pauli metric reduction ansatz (6.5) reduces to
ds¯26 = e
−1
2
φ ds24 +
1
4
g−2 e
1
2
φDµiDµi . (6.12)
The field strengths reduce according to the ansa¨tze
F(2) =
√
2F(2) = −
√
2H¯(2) =
1√
2
g−1ω(2) − 1√
2
µi F i ,
H¯(3) = H(3) − 14g−1εijk F iµj ∧Dµk . (6.13)
The scalar field φ is simply taken to be dependent only on the four-dimensional coordinates.
We may now verify that this reduction scheme does indeed give consistent four-dimensional
equations of motion, as a consequence of the six-dimensional equations of motion. First,
we check the six-dimensional Bianchi identity for H¯(3), which, from (5.4), is
dH¯(3) = −H¯(2) ∧ F(2) = 12F(2) ∧ F(2) . (6.14)
To calculate dH¯(3), we may employ the useful relations
DF i = 0 , 1
2
εijkDµ
j ∧ Dµk = µi ω(2) , D2µi = g εijk F j µk . (6.15)
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After some algebra, we find dH¯(3) gives
dH¯(3) = dH(3) − 12g−1 µi F i ∧ ω(2) − 14F i ∧ F i + 14µiµj F i ∧ F j , (6.16)
while
F(2) ∧ F(2) = −g−1 µi F i ∧ ω(2) + 12µiµj F i ∧ F j . (6.17)
Therefore, all the coordinate dependence on the internal 2-sphere coordinates µi cancels,
and (6.14) leads to the four-dimensional Bianchi identity
dH(3) =
1
4
F i ∧ F i . (6.18)
To check the other six-dimensional equations of motion, it is useful first to calculate the
six-dimensional duals of the fields H¯(3) and F(2). We find
∗¯H¯(3) = 14g−2 eφ ∗H(3) ∧ ω(2) + 14g−1 ∗F i ∧Dµi ,
∗¯F(2) = 2
√
2 ge−
3
2
φ ∗1l− 1
4
√
2g2
e
1
2
φ µi ∗F i ∧ ω2 , (6.19)
together with ∗¯dφ = 1
4
g−2 ∗dφ∧ ω(2). In these expressions, ∗ denotes the Hodge dual in the
four-dimensional metric ds24.
We find that the six-dimensional equation of motion for the scalar field φ,
d∗¯dφ+ 1
2
e
1
2
φ ∗¯F(2) ∧ F(2) + eφ ∗¯H¯(3) ∧ H¯(3) − 4g2 e−
1
2
φ ∗¯1l = 0 (6.20)
implies, after non-trivial cancellations of the internal coordinate dependence, the four-
dimensional equation
d∗dφ+ e2φ ∗H(3) ∧H(3) + 14eφ ∗F i ∧ F i = 0 . (6.21)
The six-dimensional equation of motion for H¯(3), namely d(e
φ ∗¯H¯(3)) = 0, implies the
two four-dimensional equations
d(e2φ ∗H(3)) = 0 , and D(eφ ∗F i)− e2φ ∗H(3) ∧ F i = 0 . (6.22)
The six-dimensional equation of motion for F(2), namely d(e
1
2
φ∗¯F(2))−eφ∗¯H¯(3)∧F(2) = 0,
reproduces the four-dimensional Yang-Mills equations in (6.22). The six-dimensional Ein-
stein equations should reproduce the four-dimensional equations found above, together with
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the four-dimensional Einstein equations. They can all be derived from the four-dimensional
Lagrangian
L4 = R ∗1l− 12∗dφ ∧ dφ− 12e2φ ∗H(3) ∧H(3) − 14eφ ∗F i ∧ F i . (6.23)
Note that if we send Ai → √2Ai, g → √2 g and φ → −φ, the S2 Pauli reduction we have
constructed here then corresponds to the one in the conventions of [12].
7 Conclusions
In this paper we have employed a relation between consistent DeWitt (group manifold) re-
ductions and Pauli (coset) reductions that was established in [4], applying it to two instances
of S2 reductions in supergravity theories. In the first example, we addressed the question of
whether there exists a consistent S2 Pauli reduction of five-dimensional minimal ungauged
supergravity. One might expect, in view of the close parallels between the five-dimensional
theory and eleven-dimensional supergravity, that there could exist such a consistent reduc-
tion, paralleling the known consistent S4 reduction of the eleven-dimensional theory. Our
starting point was the observation that the minimal five-dimensional supergravity can be
obtained as a consistent truncation of the five-dimensional supergravity that one obtains
from an S1 Kaluza-Klein reduction of a minimal six-dimensional supergravity. By per-
forming a (necessarily consistent) DeWitt reduction of the six-dimensional theory on the
S3 = SU(2) group manifold, and then reducing this on the U(1) Hopf fibres of the S3, one
obtains a (necessarily consistent) Pauli S2 reduction of the untruncated five-dimensional
theory. This does not yet establish the consistency of the Pauli S2 reduction of the minimal
five-dimensional supergravity, however, since for this to work the truncation that is still
needed in five dimensions would have to be compatible with the Pauli/DeWitt relation. We
showed that in fact one cannot consistently perform the truncation of fields in five dimen-
sions, thus leading to the conclusion that a consistent Pauli S2 reduction of five-dimensional
minimal supergravity is not possible.
The second example we studied in this paper was concerned with the known consistent
Pauli S2 reduction of the six-dimensional Salam-Sezgin supergravity. This reduction was
derived by direct means [12], and thus although technically much simpler than other con-
sistent Pauli reductions such as the S4 or S7 reductions of eleven-dimensional supergravity,
the underlying reason for why it should exist remained rather obscure. Our aim in this
paper was to try to gain an understanding of the consistency of the reduction by deriving
it from a manifestly-consistent DeWitt SU(2) group manifold reduction from seven dimen-
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sions. A possible candidate for such an explanation was already in existence, since it had
been shown in [13] that the Salam-Sezgin theory could indeed be derived via a consistent
S1 reduction, and truncation, of a seven-dimensional SO(2, 2)-gauged supergravity. How-
ever, this reduction route was not suitable for our present purposes, since the Kaluza-Klein
vector in the reduction from seven to six dimensions was in fact set to zero, and so it could
not supply the needed “twist” that would promote the subsequent S2 reduction into an S3
reduction from seven dimensions rather than merely S1 × S2.
We then showed that there exists a completely different way of deriving the Salam-
Sezgin theory4 as a Kaluza-Klein S1 reduction from the SO(2, 2)-gauged seven-dimensional
supergravity, and in this construction the Kaluza-Klein vector is non-vanishing. The lift
of the S2 reduction to seven dimensions indeed now gives rise to an S3 reduction, and so
the possibility of relating the Pauli and DeWitt reductions using the relations established
in [4] arises. The only remaining question is whether the necessary truncation of fields in
six dimensions to obtain the pure Salam-Sezgin theory is compatible with the reduction
of the DeWitt reduction on its Hopf fibres. In this case, unlike in the first example we
studied in this paper, we found that the truncation is compatible, and so this provides an
understanding of the consistency of the S2 Pauli reduction of the Salam-Sezgin theory.
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